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Abstract. Let ir : X — > P 3 be a finite composition of blowups along smooth 
centers. We show that for "almost all" of such X , if / € Aut(X) then its first 
and second dynamical degrees are the same. We also construct many examples 
of finite blowups X — > P 3 every automorphism of which has zero topological 
entropy. 



1. Introduction 

While there are many examples of compact complex surfaces having automor- 
phisms of positive entropies (works of Cantat [5] , Bedford-Kim [3] [3] [5] , McMullcn 
OIIPl] OS HO], g uiso Cantat-Dolgachev [7J, Diller [10], Zhang [3T]), there 

are few interesting examples of manifolds of higher dimensions having automor- 
phisms of positive entropies (Oguiso [24] [25] , Oguiso-Perroni [21]). Some restric- 
tions on projective 3-manifolds having automorphisms of positive entropies are 
known (Zhang [28] [30]). On blowups of P 3 or of products of P 1 , only pscudo- 
automorphims of positive entropies are constructed up to date (Bedford-Kim [2J, 
Perroni-Zhang [26]). 

This paper concerns the dynamical degrees and topological degrees of automor- 
phisms of finite blowups X — > P 3 . (Definitions of dynamical degrees and topological 
degrees are given in the next section.) 

Theorem 1. Let X = X n — > X n -\ X\ —> Xq = P 3 be a finite composition 

of blowups along smooth centers. Assume that each Xj+\ — > Xj (0 < j < n — 1) is 
either 

1) A blowup of Xj at a point 
or 

2) A blowup of Xj along a smooth curve C C Xj, so that c\{Xj).C ^ 2(g — 1), 
where c\{Xj) is the first Chern class of Xj and g is the genus of C . 

Then, for every f € Aut(X), its dynamical degrees satisfy Xi(f) = ^(f)- 

If we incorporate the constructions from Theorem [2] below into Theorem [1] we 
see that for "almost all" finite blowups X — > P 3 , if / e Aut(X) then its first and 
second dynamical degrees are the same. Next we construct many examples of finite 
blowups X — > P 3 so that every element of Aut(X) has zero topological entropy. 

Theorem 2. Let X = X n — > X n -\ X\ —> Xq = P 3 be a finite composition 

of blowups along smooth centers. Assume that X\ — > Xq = P 3 is a blowup of a finite 
number of points pi, . . . ,p s € P 3 and smooth curves C\,. . .,Ct C P 3 which are in 
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general positions, that is no point belongs to a curve and two distinct curves are 
disjoint. 

Moreover, assume that each Xj + \ — > Xj (1 < j < n — I) is either 

1) A finite composition of blowups, the images in Xj of the exceptional divisors 
are points; 

or 

2) A blowup of Xj along a smooth curve C C Xj so that 7 = c\(Xj).C + 2g — 2 < 
; here c±(Xj) is the first Chern class of Xj and g is the genus of C. Moreover, 
assume that C is not the unique effective curve in its cohomology class; 

or 

3) A blowup of Xj along a smooth curve C contained in an irreducible hypersur- 
face S of Xj so that 2k < ^7. Here n = S.C, 1 < (i = the multiplicty of C in S, 
and 7 = c\{Xj).C + 2g — 2 is the same as in 2). 

Then, for every f £ Aut(X), its dynamical degrees satisfy Xi(f) = ^2{f) = 1- 
Therefore, by Gromov-Yomdin's theorem (see Theorem^ below), h top (f) =0. 

Remark: 

-Even though we stated Theorems [T] and [2] only for P 3 , we can modify them to 
apply to other spaces, for example P 2 x P 1 or P 1 x P 1 x P 1 . 

-Conditions 2) and 3) in Theorem [2] are complement to each other: 2) is applied 
for 7 < while 3) may be applied for 7 > 0. 

-Consider condition 2) in Theorem [2l Let F C Xj + \ be the exceptional divisor 
of the blowup Xj + \ — > Xj, and let M C F be a fiber of the projection F — > C. If 
there is a non-zero effective curve V C F so that F.V > then the requirement 
that C is not the only effective curve in its cohomology class is not needed. For 
further comment on this, please see Lemma [5l 

-Consider condition 3) of Theorcm[2] Let F C Xj + i be the exceptional divisor of 
the blowup Xj + i — > Xj, and let M C F be a fiber of the projection F — > C. Then 
condition 3) implies the existence of an effective curve Co C F with the properties 
Cq.Cq < and C .M > 0. Part c) of the proof of of Theorem [2] and Lemma 1 
implies that Theorem [2] still holds if we replace condition 3) by the latter. For 
further comment on this please see Lemma [5] 

-In condition 3) of Theorem[2j given an irreducible curve CcF, there is always 
a hypcrsurface S C Y containing C . In fact, if C is in the strict transform of an 
exceptional divisor then we can choose S to be that hypcrsurface. Otherwise, C 
is the strict transform of some curve D C P 3 . In this case we choose S to be the 
strict transform of a hypersurface in P 3 containing D. 

There are many examples realizing the conditions of Theorem [2] (and Theorem 

ID. 

Example 1: For condition 1), we blowup a point in Xj and then we can blowup 
any number of points and curves on the exceptional divisor, and then can do iterated 
blowups on the resulting exceptional divisors and so on. 

Example 2: For condition 2), assume that we have a smooth curve D on Xj 
and another effective curve D' in the cohomology class of D so that D and D' 
intersect in a large enough number of points (counted with multiplicities). Then 
we blowup these intersection points (may need to do iterated blowup when the 
multiplicity is greater than 1), and then blowup the strict transform of D. Another 
way of constructing is to blowup many curves having non-empty intersections with 
D (see Example 6). 
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Example 3: Let D be a smooth curve of degree d > 2 contained in a hyperplanc 
W of P 3 . If Y — > P 3 is the blowup of t points on D (for any number t), and C 
is the strict transform of D then condition 3) is satisfied if wc choose S to be the 
strict transform of the hyperplanc containing D. If in contrast, D has degree 1 
(and therefore is a projective line), then we can apply Theorem [T] provided t ^ 3 
(See Example 5 also). 

Example 4: Let C\ and C2 be two smooth curves, both belonging to the same 
hyperplane W C P 3 . Let Y -> P 3 be the blowup at Ci, and let X ->• Y be 
the blowup at the strict transform of Ci. Then any automorphism of X has zero 
entropy. 

Example 5: Let Y ->■ P 3 be the blowup of P 3 at 4 points e = [1 : : : 0], 
ei = [0 : 1 : : 0], e 2 = [0 : : 1 : 0] and e 3 = [0j_0 : : 1]. For < i ^ j < 3, let 
C P 3 be the line connecting e.j and e^. Let Y^ j be the strict transform in Y of 
The curves E^- are pairwise disjoint. Let X — > Y be the blowup of Y along 
the curves Sjj. Then for every element / of Aut(X) we have Ai(/) = A2(/)- (See 
Example 3 also). 

Example 6: Notations are as in Example 5. Let X — > P 3 be the blowup of P 3 at 
ei and e 3 , followed by blowup of the strict transform of E 0i i and then blowup of the 
strict transform of ^0,3. Then any automorphism of X has zero topological entropy. 
Bedford and Kim [2] constructed this space in connection with pscudo-automorphic 
linear fractional maps. Theorem [2] does not apply directly to this example but we 
can adapt the proof to it. 

Theorem [2] gives support to the guess that the answer to the following question, 
asked by Professor Eric Bedford in a conference in Paris in Jun 2011, is No: 

Question 1: Is there a finite blowup ir : X — > P 3 and an automorphism / : 
X -> X with h top (f) > 0? 

We end this section giving a heuristic argument to explain why there are few au- 
tomorphisms of positive entropies of projective (or more generally, compact Kahlcr) 
manifolds X of dimension 3 (and higher dimensions). Let / £ Aut(X) and choose 
77 a non-zero nef-class (see the next section for definition of nef-classes) which is 
an eigenvector of eigenvalue Ai(/) of the linear map /* : H 1 ' 1 ^) — > ff 1,1 (X) (the 
existence of such an rj is assured by a Perron-Frobenius type theorem, see the proof 
of Theorem [7]). As the proof of Theorem [7] below shows, if for every / £ Aut(X) 
we can choose such an 77 so that 77.77 ^ then every automorphism of X has zero 
entropy. It is very unlikely to have 77.77 = 0. In fact, by Poincare duality and Hodge 
decomposition, dim(H 1 ' 1 (X)) = dim(H 2 ' 2 (X)). Denote by n this dimension, let 
x\, . . . ,x n be a basis for 7? 1 ' 1 (X) and let yi, . . . , y n be a basis for H 2,2 (X). Then 
there are numbers a\,...,a n so that 77 = a\X\ + . . . + a n x n . We can write 77.77 = 
Pi{a u . . .,a n )yi + . . .+P n {a\, . . .,a n )y n , here Pi (01, . . . ,a n ), . . .,P n (ai, ...,o„) are 
homogeneous polynomials of degree 2 in the variables a\, . . . , a n . The coefficients 
of these polynomials depend only on the intersection product on the cohomology 
groups of X. If 77.77 = 0, then P\{ai, . . . ,a n ) = . . . = P n {a\, . . . , a n ) = 0. The 
latter, being a system of n homogeneous equations in n variables, is expected to 
have only the solution a\ = . . . = a n = 0, even when we do not take into account 
the fact that 77 is nef and is an eigenvector of eigenvalue Ai(/) of /*. 

Acknowledgements. The author is grateful to Professor Tien-Cuong Dinh for 
suggesting that the answer to Question 1 should be No. He thanks Professor Mattias 
Jonsson for checking an earlier version of this paper, for his useful comments and 
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for his interest in the topic of the paper. He thanks Professors Ekaterina Amerik, 
Eric Bedford and Viet-Anh Nguyen for helpful discussions. He is also thankful to 
Professors Laura DeMarco, Roland Roeder, and Joseph Silverman for their interest 
in the topic of the paper. 

2. Preliminaries on positive cohomology classes, blowups, dynamical 

degrees, and entropies 

2.1. Kahler, nef and psef classes, and effective varieties. Let A be a compact 
Kahler manifold. Let r] £ i? 1 ' 1 (A). We say that 77 is Kahler if it can be represented 
by a Kahler (1,1) form. We say that 77 is nef if it is a limit of a sequence of Kahler 
classes. We say that 77 is psef if it can be represented by a positive closed (1, 1) 
current. A class £ £ H P,P (X) is an effective variety if there are irreducible varieties 
Ci, . . . , Ct of codimension p in A and non- negative real numbers 01, . . . , at so that 
£ is represented by aid. 

Dcmailly and Paun [9] gave a characterization of Kahler and nef classes, which 
in the case of projective manifolds is summarized as follows: 

Theorem 3. Let X be a projective manifold with a Kahler (1, 1) form uj. A class 
rj G H ' (X) is Kahler if and only for any irreducible subvariety V C X then 
Jv rf' %m ( v > > 0. A class rj E H 1 ' 1 (X) is nef if and only for any irreducible subvariety 
V C A then J v n dtm ^-^ A u j > for all < j < dim(V). 

Nef classes are preserved under pullback by holomorphic maps. 

Lemma 1. Let ir : X — »• Y be a holomorphic map between compact Kahler mani- 
folds. Then n*(H^ f (X)) C H^ f (Y). 

Proof. Since nef classes are in the closure of Kahler classes, it suffices to show that 
if 77 is a Kahler class then 7r* (77) is nef. Let ip be a Kahler (1, 1) form representing 
77. Then 7r*(</?) is a positive smooth (1, 1) form. Let lux be a Kahler (1, 1) form on 
A. Then 7r* (77) is represented as a limit of the following Kahler classes 

TT*((f) + -Ll! X , 

n 

and hence is nef. □ 

Remark: Similarly, it can be shown that psef classes are preserved under push- 
forward by holomorphic maps. However, nef classes may not be preserved under 
pushforwards, even when the map is a blowup. 

2.2. Blowup of a projective 3-manifold at a point. Let ir : X — > Y be the 

blowup of a projective 3 manifold at a point p. Let E = P 2 be the exceptional 
divisor and let L C E be a line. Then H 1 ' 1 (X) is generated by tt*(H 1 ' 1 (Y)) and 
E, and H 2 ' 2 (X) is generated by tt*(H 2,2 (Y)) and L. The intersection product on 
the cohomology of A is given by 

tt*(£).E = 0, E.E = —L, 

tt*(£).Z = 0, E.L = -1. 

The first and second Chern classes of A can be computed by (see e.g. Section 
6, Chapter 4 in the book of Griffiths-Harris [15] ) 

Cl (A) = n*( Cl (Y))-2E, 

C 2 (A) = 7T*(C 2 (Y)). 
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The following result concerns the relations between cycles on X and Y. 

Lemma 2. For any effective curve V C Y , there is an effective curve V C X so 
that tt*(F) = V and V.E > 0. 

Proof. It suffices to consider the case when V is an irreducible curve. We can choose 

V to be the strict transform of V. Then tt*(V) = V, and V is not contained in E. 
Therefore V.E > 0. □ 

We end this subsection showing that nef classes are preserved under pushforward 
by point-blowups. 

Lemma 3. Let r\ e H^ f {X). Then 7^(77) 6 H^ f (Y). 

Proof. It suffices to prove the conclusion when rj is a Kahler class. Let ip be a 
Kahler (1,1) form representing rj. Then 7r*(<y3) is a positive closed (1,1) current, 
which is smooth on X — p. 

Let uiy be a Kahler (1,1) form on Y. To show that tt* (77) is a nef class, 
by Theorem [3] it suffices to show that for any irreducible variety V C Y then 
n ^dim(V)-j Vui J y > o for < j < dim(V). We let [V] be the current of integra- 
tion on V. Then by the results in Section 4, Chapter 3 in the book of Dcmailly [5], 
the current 71"* ((/j)*" 1 ^ - - 7 .[Vj.Wy is well-defined and is a positive measure, whose 
mass equals to 7r*(r?) dlm ^^ _J .Vla;y. Thus the latter quantity is non-negative. □ 

2.3. Blowup of a projective 3-manifold along a smooth curve. Let it : X — > 

Y be the blowup of a projective 3 manifold along a smooth curve C C Y. Let g 
be the genus of C. Let F be the exceptional divisor and let M be a fiber of the 
projection F — > C. We can identify F with the projective bundle P(£) — > C, where 
£ = Nc/y ^ C is the normal vector bundle of C in Y. 

Then H 1 ' 1 ^) is generated by 7r*(ff 1 - 1 (y)) and F, and H 2 ' 2 (X) is generated by 
n*(H 2 ' 2 (Y)) and M. The intersection between F and M is EM = -1. The first 
and second Chern classes of X can be computed as follows: 

Cl p0 = 7r*( Cl (y))-F, 

c 2 (X) = 7r*(c 2 (Y) + C)-7r* Cl (r).F. 

Let [F] — > X be the line bundle of -F in X, and denote by e = [-F]|_f- Then (see 
e.g. Section 6, Chapter 4 in the book of Griffiths - Harris [15] ) in F we have the 
equalities 

e.M = -1, e.e = -ci(£). 
From the SES of vector bundles on C 

it follows by the additivity of first Chern classes that 

ci(f ) = cx{T Y ).C - c x {T c ) = a(Y).C + 2. 9 - 2. 

We define 

1 :=c 1 (Y).C + 2g-2. 

Since F — > C is a ruled surface (i.e. its fibers arc projective lines P 1 ), there is a 
canonical section Co which is the image of a holomorphic map ctq : C — > F (see e.g. 
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Section 2, Chapter 5 in Hartshorne's book [E]). Therefore Co is an effective curve 
in F. Such a Co has intersection f with a fiber M. 

We will return to the canonical section Co at the end of this subsection. For 
now, we however work in a more general assumption on Co, for using later. That 
is, we consider an effective curve Co C F with the following properties 

Co-Co = r, 
C Q .M = fi>0, 
M.M = 0. 

Any divisor on F is numerically equivalent to a linear combination of Co and M . 
We now show the following 

Lemma 4. a) 

(2-1) KCq = 1 -{w- T -). 



b) 



F.F = --C + U^ + 1 )M. 



c) tt*(F.F) = -C. 

Proof, a) In fact, we have 

F.Co = [F]| Co = [F]| F .Co- e .C , 

here the two expressions on the RHS are computed in F . On F, numerically we 
can write e = aCo + bM. Then from —I = e.M = (aCo + bM).M — a/i, we get 
a = — Substitute this into e.e = —7 we obtain 

-7 = e.e = (-Co - 6M).(-C - bM) = - 26, 
MM M 



which implies that 



Therefore 



Thus 



-(- 

2 V 



(-+7). 



e= — Co + U^+^M. 
/i 2 



F.Co = e.C = [— C + l(^+ 7 )M]C 

-t It 
fx 2 n 

= 2 ( -M +7 ^ 

b) From the formula for e in the proof of a) it is not difficult to arrive the proof 
of b). 

c) Since Cq.M = \i, it follows that 7r*(Co) = [iC. Then from b) we obtain c). □ 
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We end this subsection commenting on conditions 2) and 3) of Theorem O By 
Proposition 2.8 in Chapter 5 of [16], there is a line bundle M. — > C so that the 
vector bundle £' = £ <E> M. is normalized in the following sense: H°(£') ^ but for 
all line bundle C — > C with ci(C) < then H°(£' ® C) = 0. A canonical section 
Co C F can be associated to such a normalized £' . The intersection between Co 
and M is 1. Moreover, the number 

r = C .Co = ci(£') = Cl (£) + 2 Cl (M), 

is an invariant of F. 

Condition 3) of Theorem [5] implies the existence of an effective curve V C F for 
which V.V < and V.M > 0. We now show that such an effective curve exists if 
and only if the invariant To is < 0. In condition 2) of Theorem^ the requirement 
that C is not the only effective curve in its cohomology class is not needed if there 
exists a non-zero effective curve V C F so that F.V > 0. We now also show that if 
7 < and to > then such a curve V does not exist. 

Lemma 5. Assume that the invariant To of F is non-negative. Then 

a) For any effective curve V C F we have V.V > 0. 

b) If moreover 7 < then for any non-zero effective curve V we have F.V < 0. 

Proof, a) It suffices to prove for the case V is an irreducible curve. Numerically, 
we write V = aC + bM. If V = C then V.V = t > 0. If V = M then V.V = 0. 
Hence we may assume that V 7^ Co, M. 
We consider two cases: 

Case 1: To = 0. By Proposition 2.20 in [TB], we have a > and b > 0. Therefore 

V.V = a 2 r + 2ab > 0. 

Case 2: To > 0. By Proposition 2.21 in [T^], there are two subcases: 
Subcase 2.1: a = 1, b > 0. Then 

V.V = t + 2b > 0. 

Subcase 2.2: a > 2, b > -ar /2. Then 

V.V = a 2 T + 2ab > a 2 T + 2a{-ar /2) = 0. 

b) It suffices to prove for the case V is an irreducible curve. If V = M then 
F.M = -1 < 0. If V = C then by Lemma H with r = t > and fi = 1 

F.Co = ^-t o )<^<0 

because 7 < 0. Therefore we may assume that V ^ Co, M, and then proceed as in 
the proof of a) . □ 

2.4. Dynamical degrees and entropy. Let / : X —> X be a surjective holomor- 
phic map of a compact Kahler manifold of dimension k. For 1 < p < k, we define 
the p-th. dynamical degree X p (f) of / to be the spectral radius of the linear map 
/* : H' P ' P (X) — > H P ' P (X). The dynamical degrees are all > 1, and are log-concave, 
i.e. A,(/) 2 > A i +i(/)A i _i(/) (sec Dinh-Sibony [12] (U). 

Let d be a metric on X. A subset E of X is called (n, e)-separatcd if for any 
pair x ^= y E E then m&x{d(P(x), f l {y)) ■ < i < n — 1} > e. Denote by N(n, e) 
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the maximal cardinality of an [n, e)-separated set. Then the topological entropy of 
/ is given by 

h-top(f) = lhn limsup — log N(n, e). 

Gromov [T3] and Yomdin [37J proved the following result, relating dynamical 
degrees to topological entropy: 

Theorem 4. Assumptions as above. Then ht op (f) — niaxi< p <fc log A p (/). 

Apply the log concavity of dynamical degrees to Gromov- Yomdin's theorem, we 
deduce that h top (f) = if and only if / is an automorphism and X p (f) = 1 for 
some (and hence, all) 1 < p < k — 1. 

3. Proofs of Theorems [1] and and of examples 

For the proof of Theorem [21 we first introduce the following set of cohomology 
classes, which uses a weaker notion of positivity than that of nef classes. 

Definition 5. Let X be a projective manifold of dimension 3. We define by B(X) 
the set of cohomology classes r\ G H ' (X) satisfying the following conditions: 

1) rj is psef. 

2) For every effective curve V in X then rj.V > 0. 

We also introduce a larger set of cohomology classes 

Definition 6. Let X be a projective manifold of dimension 3. We define by C(X) 
the set of cohomology classes rj G H ' (X) satisfying the following conditions: 

1) r/ is psef. 

2) There is a finite number of irreducible curves V\, . . . , Vt C X (these curves 
depend on r/) so that ifV is an irreducible curve in X with rj.V < 0, then V is one 
of the curves V\ , . . . , Vt ■ 

We have obvious inclusions H^j(X) C B(X) C C(X). The following properties 
of B{X) and C(X) make them useful in induction arguments involving finite blowups 
in dimension 3. 

Lemma 6. Let it : X — > Y be a blow up of a projective 3-manifold Y along a point 
p G Y or a smooth curve C C Y . 

a) If rj is in C(X) then 7t*(tj) is in C(Y). 

b) If 7r is a point blowup and rj £ B(X) then ir*{rj) G B(Y). 

c) If 7r be a blowup ofY along a smooth curve C C Y so that C is not the only 
effective curve in its cohomology class, then tt*(B(X)) G B(Y). 

Proof, b) Consider the case when ir : X — > Y is a point blowup. Let E = P 2 be 
the exceptional divisor and let L C E be a line. Let rj G B(X) and let £ = 7t*(t/). 
Then £ is psef since rj is so. Let V C Y be an irreducible curve, and let V C X be 
the strict transform of V. Then 7r*(V) = V, and V is not contained in E therefore 
V.E > 0. 

We can write rj = 7r*(£) — aE where a = r/.L > since 77 G B(X). Hence 

f.V = t^*{V) = n*(£).V = {rj + aE).V > 0. 
Thus £ G B(X). 
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a) We consider first the case when tt : X — > Y is a blowup of Y along a smooth 
curve C C Y. Let F be the exceptional divisor of the blowup. Let M be a fiber of 
F -> C. Let 77 G C(X) and let £ = n*(r}). Then 77 = 7T*(f) - af, where a = 77.M. 
Observe that a > 0, because 77 can have negative intersections with only a finite 
number of irreducible curves while we have infinitely many fibers. 

Since 77 is psef, it follows that £ is psef as well. Let V C Y be an irreducible 
curve which is not contained in the union of C with the images of the irreducible 
curves having negative intersections with 77. Then we can proceed as in the proof 
of b) to show that £.V > 0. Hence £ G C{X). 

The proof of the case 7r is a point blowup is similar. 

c) Let 7r : X — > Y is a blowup of Y along a smooth curve C C Y, where C is not 
the only effective curve in its cohomology class. Let F be the exceptional divisor 
of the blowup. Let M be a fiber of F -> C. Let 77 £ C(X) and let £ = tt* (77). Then 
rj = 7r*(£) — ctF, where a = 77.il/ > 0. 

If V C Y is an irreducible curve different from C , then by using its strict trans- 
form in X we can show as in the proof of b) that ^.V > 0. If V = C, then since 
C is not the only effective curve in its cohomology class, we can find an effective 
curve C having the same cohomology class as that of C so that the support of C 
does not contain C. Then we can proceed as in the first case. □ 

Lemma 7. Let n : X — > Y be a finite composition X = X n — > X n —i 
X\ — > Y of point or curve blowups. Assume that the first map X\ —> Y is a point 
blowup. Assume moreover that the images of the exceptional divisors of the map 
X — > X\ are contained in the exceptional divisor of X\ — > Y . 

Let rj £ C(X) and let V C X be an effective curve such that r\.r\ = V and 
7r*(V) = 0. Then V = 0. If moreover 77 G B(X) then the pushforward of 77 under 
the map X — > Xj is in B(Xj). 

Proof. We prove this by induction on n. 

The initial case n = 1: Let E\ = P 2 be the exceptional divisor of the map 
p : X\ — > Y . Then we need to show that if V is an effective curve with support in 
Ei and 77 G C(X{) so that 77.77 = V then V — 0. Let us denote £ = tt*(v) e C(Y). 
Let Li be a line in Ei = P 2 . Then 77 = 7r*(£) — aEi where a = 77.i1 > (as in the 
proof of a) of Lemma |6]). Since support of V is in Ei and V is effective, there is a 
number f3 > so that V = f3Li. Since E\.E\ = —L\ and Ei.n*(£) = 0, we have 

7r*(U)-a 2 Li =n,n = f3Li. 

Since 7T*(£.£) and L\ arc linearly independent, it follows that —a 2 = f3. Since both 
a and j3 are non-negative, we get /3 = = a. Thus V = as claimed. If moreover 
?7 G B(X), from the fact that 77 = it follows easily that £ G B(Y) as well. 

Now assume that we had the claim for n = j. We will prove it for n = j + 1. Let 
p denote the map Xj + i —¥ Xj. Let 77 G C(Xj+i) and V C -Xj+i an effective curve 
so that 77.77 = V and tt*(V) = in H 2 ' 2 {Y). We need to show that V = 0. 

We consider two cases: 

Case 1: p is a point blowup. Let E = P 2 be the exceptional divisor of p, and let 
L C E be a line. Let £ = p*{rf) G C(Xj), and write 77 = - <xE for a = 77. L > 0. 
Then 77.77 = V becomes 



p*{U)-o?L = V. 
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Push-forward this equation by p we obtain £.£ = p*(V). Since the push-forward 
of V under the map Xj+\ — > Y is zero, it follows that the push-forward of p*(V) 
under the map Xj — > Y is zero. Therefore the induction assumption implies that 
p*(V) = 0. Therefore V must be a multiple of L, and we can write V = (3L for 
some (3 > 0. Also £.£ — and thus = 0. Replace this into the original 

equation we get —a 2 L — fiL which implies /3 = a = 0, i.e. V = 0. If moreover 
77 £ £>(Xj + i), from the fact that 77 = £>*(£), it follows easily that £ £ B(Xj) as well. 

Case 2: p is a blowup of a smooth curve C C Xj so that the push- forward of C 
under the map Xj — > Y is 0. Let F be the exceptional divisor of p and let M C F 
be a fiber of the map F — > C. Let £ = p*(rj) £ C(Xj), and write 77 = — aF 

for a = 77. M > 0. Then 77.77 = V becomes 

p*(U) ~ 2mr*(£).F + a 2 (F.F) = V. 

Push-forward this equation by p we obtain £.£ = a 2 C +p*(V). Since the push- 
forward of V under the map Xj+i — > K is zero, it follows that the push-forward of 
p*{V) under the map Xj — > y is zero. Therefore, the class a 2 C + p r (V) is effective 
and has image zero under push-forward by the map Xj — > Y. Apply the induction 
assumption we have that £.£ = = a 2 C + p*{V) and hence a = 0. The original 
equation becomes = V, and we are done. If moreover 77 £ B(Xj+i), from the fact 
that 77 = p*(£) and the existence of a section Co C F (see Section 2.3), we have 
£.C = 77. Co > and it easily follows that £ £ £>(y) as well. □ 

Now we prove a general result on non-existence of automorphisms of positive 
entropies (see also Lemma 2.4 and other results in Zhang }29| . and Dinh-Sibony 

Theorem 7. Let X be a projective manifold of dimension 3 and let f : X X 
be an automorphism. Assume that whenever 77 £ H n ' e j(X) is an eigenvector of 
f* : H 1A (X) -> H hl (X) then either 77.77 ^ or 7/ £ R.H 1 - 1 (X,Q), i.e. there is a 
real number a and a class r/o £ H 1 ' 1 (X, Q) so that 77 = 0770 (in other words, 77 is 
proportional to a rational cohomology class and hence to an integral class). Then 
Ai(/) = A 2 (/) = 1, and therefore h top (f) = 0. 

Proof. Assume in contrast that Ai(/) > 1. Since /* preserves the cone H^(X), 
by a Perron- Frobenius type theorem, there is a non-zero nef class 77 so that /* (77) = 
Ai(/>7- 

First we claim that for such an 77, then 77.77 7^ 0. Otherwise, by assumption we can 
write 77 = <ZT7o for some real number a £ R and 770 £ H 1,1 (X, Q). Dividing by a we 
may assume that 77 = 770 is in iJ 1,1 (A', Q). Since /* preserves iJ 1 ' 1 (A, Q), it follows 
from f*(rj) = Xi(f)r] that Ai(/) £ Q. However, the latter is irrational (see e.g. 
Zhang [29] and Bedford [Tj). [For the convenience of the readers, we reproduce the 
proof of this fact here. Let A be the matrix of /* : H 2 (X, C) ->■ H 2 (X, C), then A is 
an integer matrix, and Ai(/) is a real eigenvalue of A. Moreover, A is invertible and 
its inverse A^ 1 is the matrix of the map (J -1 )* : H 2 (X,C) — > H 2 (X,C) hence is 
also an integer matrix. Therefore det(A) = ±1. Thus the characteristic polynomial 
P(x) of A is a monic polynomial of integer coefficients and P(0) = ±1. Assume 
that Ai(/) is a rational number. Since Xi(f) is an algebraic integer, it follows 
that Ai(/) must be an integer. Then we can write P(x) = (x — Xi(f))Q(x), here 
Q(x) is a polynomial of integer coefficients. If Ai(/) > 1 we get a contradiction 
±1 = P(0) = -Ai(/)Q(0)]. Thus 77.77 ^ as claimed. 
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Therefore 77.77 is an eigenvector of /* : H 22 (X) —> H 2 > 2 (X) of eigenvalue Ai(/) 2 . 
Hence A 2 (/) > Ai(/) 2 . Since eigenvectors of /* : F 1 - 1 ^) -> H 1 * 1 ^) and (/- 1 )* : 
H 1 ' 1 ^) -4 (f- 1 )* : H lA {X) H X ' X {X) are the same (the operators /* and 
(J -1 )* are inverse to each other), we can apply the same argument to the inverse 
f- 1 to obtain A 2 (/- 1 ) > A^r 1 ) 2 . But Ai(/- X ) = A 2 (/) and A 2 (/~ 1 ) = Ai(/), 
since (f^ 1 )* = /* is conjugate to /*. In fact, let uix be a Kahlcr (1,1) form on X. 
Then (see Dinh-Sibony [11] [12]) 

X.if- 1 ) = lim ( / (f~i)* (lox) A ui'x) 1 ^ = lim ( / (/ J ').(o;x) 
Jx Jx 

= lim(/ u> x A(fr(^x)) 1/j = Mf), 

and similarly for the equality A 2 (/ _1 ) = Ai(/). 

Hence we must have Ai(/) = Ai(/) 2 = A 2 (/) = A 2 (/) 2 = 1, as claimed. □ 

Now we are ready to give the proofs of Theorems [2] and Q] 

Proof. (Of Theorem [2} Let X = A„ -> X n _i -> . . . ->■ X 1 -> A = P 3 be as in the 
statement of Theorem [5] To prove Theorem [21 it suffices to show that X satisfies 
the conditions of Theorem [7] Indeed we will prove a stronger condition: 

Condition (A): If 7/ £ B(X) satisfies 77.77 = then 77 e R.ff 1 ' 1 ^, Q). 

We prove this by induction on n. 

a) The initial step n — is clear, since then X = Xq = P 3 and hence if 7/ £ 
_ff 1,:L (X) is such that 77.7/ = then 7/ = 0. 

b) We show that if tt : X = X\ — > P 3 is the blowup of points px, , . , , pt £ P 3 and 
smooth curves Ci, . . . , C s C P 3 in general positions, then X satisfies Condition (A). 
Let H C P 3 be the class of a generic hyperplane. Let E\ , . . . , E t be the exceptional 
divisors corresponding with ex, . . . , et, and let Li C £7, be a line. Let Fx, . . . , F s be 
the exceptional divisors corresponding to C\ , . . . , C s , and let M 3 - C Fj be a fiber of 
the projection Fj —> Cj. Let dj > 1 be the degree of Cj (hence dj = H.Cj in P 3 ), 
and let gj > be the genus of Cj . 

The cohomology group H 1 ' 1 (X) is generated by H, Ex, . . . , Et, Fx, . . . , F s , and 
the cohomology group H 2 ' 2 (X) is generated by H.H, L\, . . . , L t , Mx, . . ■ , M s . The 
intersection product on X is as follows (see, e.g., Section 6 Chapter 4 in the book 
of Griffiths and Harris [15] ) 

H.E t = 0, H.F t = d t M t , 

Ei.Ej = —SijLi, Ei.Fj = 0. 

Fi.Fi = 6 itj [-diH.H + | Ul, + 2,1, - 2)Mi\. 

If 77 G iJ 1,1 (A, M) we can write 77 = aH — J^i e iEi — ■ fjFj f° r re& l numbers 
a, ex, ■ ■ ■ , et, fx, ■ ■ ■ , /«• Then a computation shows 

77.77 

= a 2 H.H - 2aH(Y J - 2aH(J2 fjFj) + (]T e t E t ) 2 + fjFjf + 2(£ e,^).(£ f 3 F 3 ] 



a 2 H.H - 2aJ2 d ifj M j - J2 e ? L » + J2 fj[- d 3 H2 + ( Ad j + 2 9j - 2 ) M j\- 
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Therefore 77.77 = if and only if 

e? = 0, Mi = l,...,t, 
2ad j f, = ./; (Ad, + 2 9j - 2), Vj = 1, . . . , s. 

From the equations for we have that e% = 0. If a = then the first equation 
a 2 = Y^,j djf 2 implies that a = fx = . . . = / s = as well, and hence 77 = 0. Assume 
now a =/= 0. If fj ■ then from the equation for fj we have 



fi _ 2d, 



and therefore 



a 4dj + 



i 

as wanted. 

c) Let X — > Y be a finite composition of blowups along smooth centers, the 
images in Y of whose exceptional divisors are points. We now show that if Y 
satisfies the assumptions of Condition (A), then X does also. Without loss of 
generality, we may assume that X —> Y can be decomposed as X = X n —> X n -\ — > 
. . . — > Xi — > Y, where X\ —> Y is a point blowup and the images of the exceptional 
divisors of X — > Y is that point. 

We need to show that if 77 G B(X) be such that 77.77 = then 77 G JELff M (A, Q). 
We prove this by induction on n. 

Initial case n = 1: X — > Y = tt : X± — > Y be blowup at one point. Let E be the 
exceptional divisor and let L be a line in E. Let 77 G fi(A) be so that 77.7/ = 0. Let 
£ = 7T* (77) . Then by Lemma [6l £ G £>(X)- We can write 77 = 7r*(£) — aE for some 
constant a > 0. Computing as in Section 2 we obtain 

= 77.77 = TT*(U)-a 2 L. 

Intersecting the RHS of the above equality with E, it follows that a = and 
therefore 7r*(£.£) = as well. Hence = 0, and by the induction assumption, it 
follows that £ G Eif^^XjQ). Consequently, 77 = tt*(£) G ILEf 1 ' 1 ^, Q). 

Assume by induction that the claim is true for n = j. We prove that it is true 
for n = j + I. 

We consider two cases: 

Case 1: p : Xj + i — > X, is a point blowup. Let = P 2 be the exceptional divisor 
and let L C E be a line. Let 77 G B(Xj + i) be such that 77.77 = 0. We need to show 
that 77 G KiT^pTj+ijQ). Let us write £ = ^(77) G B(X,) and 77 = p*(£) - a£ for 
a > 0. Then 77.77 = becomes p*(£-£) - a 2 L = and hence p* (£,■£,) = = 
since they are linearly independent. Thus a = and £.£ = 0. Apply induction 
assumption we get £ G RH" 1 ' 1 ^, Q) and therefore 77 =p*(£) G RH^-Xj+i, Q). 

Case 2: p : X,+i — > Xj is a blowup at a smooth curve C C X,- so that the 
push-forward of C under the map Xj — » F is zero. Let F be the exceptional divisor 
of the map p, and let M Cfbea fiber of the projection F —> C. Let 77 G B(Xj + i) 
be such that 77.77 = 0. We need to show that 77 G KLff 1:1 (X,- + i, Q). Let us write 
£ = p*(i]) which is in G C(Xj) by Lemma El and 77 = p*(£) — aF for a > 0. Then 
77.77 = becomes ??*(<!;■£) — 2ap*(£).i? + a 2 E.E = 0. Push-forward this equation 
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by p we get £.£ = a 2 C. Apply Lemma [3 it follows that £.£ = a 2 C = 0. Hence 
a = 0, £ £ B(Xj) and ?y = Apply induction assumption for £.£ = we get 

£ G MiZ' 1 ' 1 (X i ,Q) and therefore t? =p*(C) e JELff 1 ' 1 ^-^, Q). 

d) Let 7r : X — > y be the blowup of Y along a smooth curve C C Y so that 
7 := ci(Y).C + 2g — 2 < 0, and C is not the only effective curve in its cohomology 
class. We now show that if Y satisfies Condition (A), then X does so. Let F be 
the exceptional divisor of the blowup and let M C F be a fiber of the projection 
F^C. 

Let 77 £ B(X), then £ = ir*(r]) £ B(Y) by Lemma |5] and the assumption on C, 
and there is a > so that r] = 7r*(£) — aF. Assume that 77.77 = 0. Then 

= T].r].F = (tt*(£.£) -2a£.F + a 2 F.F).F = 2a£.C - a 2 7 . 

Here we used that F.F.F = —7 and n*(F.F) = — C. From this, it follows that a = 0. 
Otherwise we can divide by a > and obtain 2£.C = 07 which is a contradiction 
since £.C > (because £ £ <6(Y)) and 7 < 0. Knowing a = we can argue as at 
the end of the proof of c). 

e) Let 7r : X — > Y be the blowup of Y along a smooth curve C C Y so that 
there is an irreducible hypersurfacc S C Y containing C satisfying condition 3) of 
Theorem [2j As the last step of the proof of Theorem [2 we now show that if Y 
satisfies Condition (A), then X does so. Let F be the exceptional divisor of the 
blowup and let M C F be a fiber of the projection F — > C. 

Let 77 £ B(X), then £ = 7t*(t7) e C(Y) by Lemma El and there is a > so that 
77 = 7r*(£) — aF. Assume that 77.77 = 0. Then 

= 77.77.-F = (tt*(£.£) -2a£.F + a 2 F.F).F = 2a£.C - a 2 7 . 

Here we used that F.F.F = —7 and ir*(F.F) = — C. From this, it follows that 
a = 0. Otherwise we can divide by a > and obtain 2£.C = 07. We now construct 
an effective curve Co C F and use it to derive a contradiction. 

Recall that k = S.C, and fi > 1 is the multiplicity of C in 5. Then the strict 
transform S of S is given by S = tt*{S) — fiF, and is an irreducible hypersurfacc 
of X. Since S and F arc different irreducible hypersurfaces, their intersection 
Co = S.F = (tt*(<S) - nF).F is an effective curve of F. We now compute the 
numbers Co- Co and Cq.M. We have 

Co-Co — 5'|^.*S'|i^ = S.S.F 

= (tt*(S) - /jF).(tt*(5) - nF).F = -2fin*(S).F.F + fi 2 F.F.F 
= 2/jS.C — /i 2 7 = 2fj,n — fi 2 j. 

Denote by r = Co-Co and /^o = Cq.M. Note that fj,o 7^ 0, otherwise we have Co is 
a multiplicity of M, and hence 7r*(Co) = 0. But from the definition of Co we can 
see that 7r*(Co) = \iC ^ 0. Then by the computations at the end of Section 2, we 
have 

F.F=-—C + \{^+ 1 )M. 

Pushforward this by the map n, using that ir*(F.F) = — C and 7r*(Co) = \xC we 
have that /i = /J- 

By Lemma U] and the above computation r = 2/ik — /i 2 7, we obtain 

1 r 

F - c o = x(7M ) = 7M - «• 

2 /a 
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Because r\ £ B(X) and 2£.C = 07, it follows that 

< vC = (ir*(O-aF).C o =K.C-^( 7 n-~), 

2 /i 

a a , t a t 1 

= ~ 2 ^-- 2 ^--) = - 2 - = ^-- 2 ^)- 

This contradicts the assumptions that 2k < 7/1 and a > 0. Therefore a = 0. 
Knowing that a = 0, it follows that £ € £>(F) and we can use the induction 
assumption for it to have £ e M._ff la (T) and therefore 77 = tt*(£) e R.ii" 1 ' 1 ^). □ 

Proof. (Of Theorem H} 

Let 7r : X = X„ X n _i — >• ...—>• Xi — > Xo = P 3 be a finite composition of 
blowups along smooth centers satisfying conditions of Theorem [1] 

Wc first show the following: 

1) Claim 1: If 77 S C(X) and 77 ^ 0, then either 77.77 ^ or Kx-V ^ 0. Here ifx 
is the canonical divisor of X. 

Proof (of Claim 1): We prove the claim by induction on n. 

The initial case n = 0: Then X = P 3 , H 1 - 1 (X) is generated by a generic hyper- 
plane H C P 3 , Kx = and 77 = aH for some a > 0. Hence both 77.77 and Kx-T) 
are non-zero. 

Assume that the claim is true for n = j. We now show that it is true for n = j + 1. 
We define by p the map Xj+i — > Xj. Let 77 6 C(X J+ i), which is non-zero, we now 
show that at least one of the expressions 77.77 and Kx j+1 - V 7^ 0. 

We define £ = p*(rj) £ C{Xj). We consider two cases: 

Case 1: p : X = Xj + i — > Xj ; = Y is a point blowup. Let E = P 2 be the 
exceptional divisor of p and let L C £ be a line. Then Kx = P*(Ky) + 2E. Wc 
can write 77 = p*(£) — aB for a = 77. L > 0. 

If we had both 77.77 = and Kx-f] = then we have 

= 77.77 = (p*(0-aE).(p*(0~aE)=p*(U)-a 2 L, 

= Kx.fl = {p*{K Y )+2E).{p*(t)-aE)=p*{K Y .t) + 2aL. 

Since £>*(£■£) and L are linearly independent, from the first equation we imply that 
£.£ = and a = 0. Similarly, from the second equation we have K Y -£, = 0. If £ ^ 0, 
then by induction assumption, not both £.£ and Xy.£ are zero, and we arrive at a 
contradiction. If £ = 0, then 77 = p*(£) = as well, and we have a contradiction 
again. Therefore Claim 1 is proved in Case 1. 

Case 2: p : X = Xj + i — > Xj ■ = Y is a blowup of F along a smooth curve C C Y 
for which c\{Y).C 2g — 2, where c\{Y) = —Ky is the first Chern class of Y and 
g is the genus of C. Let F be the exceptional divisor of p, and let M C F be a 
fiber of the projection F — > C. Let g be the genus of C, and let Ci(Y) = —Ky be 
the first Chern class of Y. Then K x — p*{K Y ) + F. Wc can write 77 = p*(£) - aF 
for a = 77.Z > 0. 

We define 

1 = c 1 {Y).C + 2g-2. 
If we had both 77.77 = and Kx-V = then we have 

= 77.77 =(p*(0-aF).(p*(0-aF)=p*(U)-2ap*(0-F + a 2 F.F, 

= Kx-V = (p*(Ky) + F).(p*(0 - aF) = p*(K Y 4) - ap*(Ky).F +p*(£).F - aF.F. 
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Intersecting both of these equations with F, using F.F.F = —7 and p*(F.F) = —C, 
we obtain 

2a£.C - a 2 7 = 0, 
aKy.C -£.C + a 7 = 0. 

Then we must have a = 0. Otherwise, dividing 2a from the first equation we 
have that £.C = cry/2. Substituting this into the second equation and dividing by 
a we get 2Ky.C = —7. Hence c\(Y).C = 2g — 2, which is a contradiction. 

Now that we have a = 0, the original equations become = and 

p*(Ky£) +p*(^)-E = 0. Push-forward both of these equations to Y, we obtain 
that £.£ = and Ky-S, = and can proceed as in Case 1. 

2) Now we continue with the proof of Theorem [TJ Let / G Aut(X). 

Wc first show that A2(/) > Ai(/). To this end, let 77 be a non-zero nef class 
which is an eigenvector of eigenvalue Ai(/) > 1 of /* : H 1 ' 1 (X) — > H 1 ' 1 (X). If 
77.77 7^ 0, then 77.77 is an eigenvector of eigenvalue Ai(/) 2 of /* : H 2 ' 2 (X) — > H 2 ' 2 (X), 
therefore ^(f) > Ai(/) 2 > Ai(/) as claimed. Otherwise, by Claim 1 we must have 
Kx-V 7^ 0. Since / is an automorphism of X, f *(Kx) = Kx- Therefore Kx-r] is 
an eigenvector of eigenvalue Ai(/) of /* : H 2 ' 2 (X) — > H 2 ' 2 (X), and we again have 
A 2 (/) > Ai(/). 

If we apply the above argument to / \ we obtain Ai(/) = A 2 (J 1 ) > Ai(/ 1 ) = 
A2(/)- Therefore Ai(/) = \2{.f), and we are done. □ 

Finally, we give the proofs of Examples 3, 4, 5 and 6. 

Proof. (Of Example 3) Let E\ , . . . , E t be the exceptional divisors of the blowup 
Y — > P 3 , and let L\ C E\, . . . , L t C E t be lines. Let H be a generic hyperplane in 
P 3 . Let C be the strict transform of D and S is the strict transform of W. Then 
their classes are 

C = dH.H-^U, 

i 

S = H-J2 E h 

i 

while c\{Y) = AH— 2 ^ Ei. Since D is a smooth plane curve, by the genus formula, 
the genus g of D is g = (d — l)(d — 2)/2 which is the same as that of C. Therefore, 

k = S.C = d — t, 

7 = Cl (Y).C + 2g-2 = 4d-2t+(d-l)(d-2)-2, 
A* = 1- 

Hence the inequality 2k < 717 is the same as 

2d + (d - l)(d - 2) - 2 > 0, 

which is satisfied when d > 2. For the case d = 1, the proof that X satisfies 
Theorem [1] when t ^ 3 can be done similarly to the above, see Example 5 for an 
explicit calculation when t = 2. □ 

Proof. (Of Example 4) The blowup Y -> P 3 is the blowup X x -> P 3 of Theorem El 
therefore satisfies Condition (A) in the proof of Thcorcm[2] Let F be the exceptional 
divisor of the blowup Y -> P 3 , and let M be a fiber of F -)• Ci . 
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Let d\ and di be the degrees of C\ and C2. Then C\ and C2 intersect at d\.di 
points in W, by Bezout theorem. Let C be the strict transform of C2 in Y, then 
its class is C = d2H.II — dic^M . Let 5 be the strict transform of W in Y. Then 5* 
contains C and its class is S = H — F. The first Chern class of Y is Ci(Y) = AH — F. 

We now check that G satisfies condition 3) of Theorem [2j We have fj, = 1, 

7 = Ci(Y).C + 2. 9 - 2 = 4d 2 - dnh + 2. 9 - 2, 

and 

k = S.C = e?2 — ^1^2- 
Therefore, since d±, di > and .9 > 0, we have 

1U7 - 2k = 2d 2 + c?irf 2 + 2.9 - 2 > 0, 
as wanted. □ 

Proof. (Of Example 5) Let Eq, E\, E2 and E 3 be the exceptional divisors of the 
blowup Y -> P 3 , and let L Q C Eo, Li C E\, L 2 C E 2 and i 3 C £3 be the generic 
lines. Let C P 3 be a generic hyperplane. Then C = £0,1 = H.H — L2 — L3, 
degree of C is d = 1 and its genus is <? = 0. The first Chern class of Y is 

ci(Y) = 4ff - 2£ - 2J5i - 2^2 - 2£ 3 . 

Therefore 

ci(Y).C + 2.9 - 2 = 4- 2- 2 + 0- 2 = -2 < 0. 

Similarly we can check for other curves S^.j. However, these curves are the unique 
effective curves in their cohomology classes, thus Theorem [2] does not apply. The- 
orem[T]does apply though, since = C\(Y).C ^ 2g — 2 = —2. □ 

Proof. (Of Example 6) Let p : Y -> P 3 be the blowup of P 3 at e x and e 3 . Let E x 
and £3 be the exceptional divisors, and let L\ C E\ and L2 C E 2 be generic lines. 
Let H C P 3 be a generic hyperplane. Since £0.1 contains e3, the class of its strict 
transform S^i in Y is H.H — L3. Because 

c x (Y) = p*( Cl (P 3 )) - 2£x - 2^ = 4ff - 2^2 - 2E 3 , 

and the genus of £0,1 is 5 = 0, we have 

ci(r).£^i + 2.9 - 2 = {AH - 2£ 2 - 2E 3 )(H.H - L 3 ) - 2 = 4- 2- 2 = 0. 

Therefore £o,i does not satisfy condition 2) in Theorem [21 and it does not satisfy 
conditions 1) and 3) as well. But we can compute directly (as in part b) of the proof 
of Theorem [2|) to show that the space Z, which is the blowup of Y at £0,1 satisfies 
Condition (A) in the proof of Theorem [2] Let F be the exceptional divisor of the 
blowup 9 : Z —> Y and let M C F be a fiber of F —> £0.1 • Since e\ G £0,3 and 
£o,3n£o,i = 62 7^ ei, e 3 , the class of the strict transform £0,3 in Z is H.H — L\ —M. 
Meanwhile 

c x {Z) = q*( Cl (Y)) — F = AH — 2E\ — 2E 3 - F. 

Therefore, since the genus of £0,3 is .9 = 0, it follows that Ci(Z).£ ,3 + 2g — 2 = 
— 1 < 0. Moreover, £(^3 is not the only effective curve in its cohomology class (its 
cohomology class is the same as the class of the strict transform of a generic line 
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passing to ez and intersecting £0,1). Part d) of the proof of Theorem [2] implies that 
X satisfies Condition (A). Therefore any automorphism of X has zero entropy. 

Alternatively, we can show that E 3 satisfies condition 3) of Theorem O We let 
S be the strict transform of the hypcrplane S = {x = 0} C P 3 . Then S contains 
So, 3 with multiplicity fj, = 1. The class of S is S = H — E\ — E3 — F. Therefore 
k = S.T.q.3 = — 1. and 

2k = -2 < -1 = ci(Z).S^3 + 2g - 2 = [i-y. 

a 
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